The first order density corrections to the coefficients of viscosity (rj) and thermal conductivity (A) in a Boltzmann-Landau gas have been calculated including the effect of ternary collisions.
Introduction
The aim of this paper is to give a method of formal expansions in powers of density of the coefficients of thermal conductivity (/) and viscosity (rj) of a moderately dense Boltzmann-Landau gas, based on the assumptions given in a previous paper 1 . We shall consider here particularly the contributions of the ternary collision process to the transport integral equations. This will describe completely the first order density correction to the transport coefficients (the quadruple process does not contribute to the first order density correction). The general integral equation governing these transport phenomena in the first order Chapmann-Enskog equation including multicollision processes will be assumed as given by [(2.2a) 1 and (3.14) 2 ] :
L (X) =fo (f0) f0 (p) /o(pi) [X(Pl') +X(p) -X(Pl)-X(P)] dpi'dpidp' (1.1)
= /o(p) y du PI R (P)+ A a s a(p)
subject to the subsidiary condition [(2.7a) , 1 ]. First of all, we shall see that the pressure tensor nßV and heat flow Q can be expressed, in this first order Chapmann-Enskog approximation in terms of X(p) instead of (p in ref. 1 . This might seem useful, since (1.1) is a symmetric integral equation. The general expressions of JißV and Q will not be deduced here. Instead we shall use the known results given earlier by GROSSMANN 2-4 .
A. The Pressure Tensor IIßV-(jli #= v)
The pressure tensor for any arbitrary distribution / is given in 2-4 to be
for jU #=r.
Here u= (P/m)f= (de/dP)f is interpreted as the mean velocity. For the first order Chapman-Enskog approximation we have demanded 5 (as our subsidiary condition) :
where / = /<, + /1, fi<fo-According to 1 , (2.2c) we can put in the first order in fx ,
Since, for / = /0, the non-diagonal elements of nßV vanish, we have by (2.1) and (2.2), in the first order in fx:
where p = P -m u .
(2.3) is similar to that given by GROSSMANN 4 with the exception that F (P,Q) in 4 is replaced by F (P,Q;f0) to include multicollision processes. In order to express (2.3) in terms of X(P), we recall,
Then with /i = /o9 9 ? (2.3) becomes
Integrating the second term partially w.r.t. to p v and collective terms, we get 3/" (2.5)
Also, since in this case
it turns out that and (2.11) include multi-colli-(1.1) that X{P) depends on P only through gion processes in the Boltzmann-Landau gas and p = P -m u. Also using (2.4) we find where we have used (2.5') to obtain (2.10).
Finally, using (2.6), we have
(2.11)
Thus the pressure tensor is, for /J-=# v ,
2 B. The Heat Flow Q take the form discussed in Ref. 6 in case of the binary collision approximation. To find 7iuv and Q and therefore the coefficients r\ and X of viscosity and thermal conductivity respectively, we need to find the formal solution for X(P) in the symmetric linear integral equation, which we shall now carry out.
The Formal Solution of the

Transport Equation
In the general case of arbitrary / the heat flow Q is defined by 2 :
QI=^PU) 3 3pf/(p)dp Equation (1.1) looks similar to the ordinary Chapmann-Enskog equation for a Boltzmann gas. (2.8)
The solutions of the homogeneous equation are, in our case, the five collision invariants ^i-1> P/< and where we are considering the physical situation ep (/0). Therefore, using the usual procedure, we can u = 0 substituing (2.2) and / = /o + /i? /i = /o9 ? i n write down the general solution of (1.1) in the (2.8), Q can be put in the following form (in the following form:
where Ai and Bsatisfy the integral equations:
The Eqs. (2.3) and (3.3) are clearly solvable, since /Vi(p) PiR(p) /o(p) dp = i>i(p) Sij(p) /o(p) dp = 0 We have now to determine the five constants a, bß, c in (3.1). This we shall do by using the subsidiary conditions 1 , (2.7a) :
Now since, according to 1 , (2.5)
it is easy to see that: for tpi = 1, xp± (p) = 9?i(p), for (fi(p) dp = 0 , (3.6a)
A + b, <p2(p)p 2 dp = 0 (3.6b) and
(3.6c)
Here we have used f (pipj -i p 2 da) G(p) dp = 0, where G is a function of p alone. As usual 6 , (3.6b) shows that cß~ (l/T) dT/dxu and the term bßpß can be absorbed in the first term in (3.1) and bß = 0, so that (3.6b) yields the subsidiary condition f A (p) cp 2 (p) /0 (p) p 2 dp = 0 .
(3.8a)
Similarly, (3.6a) and (3.6c) show that a and c are proportional to di} and therefore the terms involving a and c can be absorbed in the second term of (3.1) by redefining B2 which thus satisfies the subsidiary conditions: //o(p) B2(p) <pt(p) dp = / /o (?) B2 (p) 9?3 (p) dp = 0 .
(3.8b) (3.8a, b) are the new versions of the subsidiary conditions (2.10a, b) of Ref. 6 . Thus
where Ai and By satisfy the symmetric linear integral Eqs. (3.2) and (3.3) satisfying the subsidiary conditions (2.10a, b) of Ref. 6 .
The Effect of Ternary Collision on the First Order Density Corrections to Transport Coefficients
The first density corrections to rj and 1 already obtained in the binary collision approximation 6 will be extended here to include the ternary collision processes. However the previous calculations of 3 and 6 will be used whenever necessary in order to avoid repetitions.
(A) Coefficient of viscosity (rj)
From the non-diagonal elements of the pressure tensor nßV given by (2.7) and from (3.9) we have
The usual argument 6 shows that the term involving dT/dxß in (4.1) vanishes. Thus, for ju 4=v,
It is clear that, in the sum over i and j, the r.h.s. of (4.2) will vanish unless i = ju, j = v, so that nßV = -2 rj AßV , where the coefficent of viscosity rj is given by V= 2iv jP/Pv 2^( p) /o(p) B t (p) dp = 3^Jp 45 i(P)/o(P)^i(p)dp (4.3)
where we have used J G (p) p* pv 2 dp = ^ J G (p) p 4 dp , for any scalar function G(p). (4.3) looks much simpler than given earlier 6 . Of course the Ba here satisfy essentially a different integral equation (a symmetric one) and are subjected to subsidiary conditions (3.8b) different from those obtained earlier 6 . We now proceed to find the first order density correction to rj directly from (4.3). As before 6 , we take 
The contribution to r\x of the ternary collision appears through ß1 1 (p), which in turn is determined from an integral equation containing triple collisions, as we shall see now from the density expansion of (3.3), where L(X) can be written as, according to \ (3.8) and 6 , (3.9):
where Now
where and are given by 6 , (3.9). Here (d£/drc)0 appears, which has already been calculated by
GROSSMANN 4 . NOW using the notation [T(p)] for T(px) + T(p') -T(px) -T{p)
we have, as in Ref. 5 , The effect of ternary collisions appears here through o1(s q 1 1 p; k) or equivalently (^tis q\t p}0 . From (4.7b), (4.5a) and (4.11a) it follows that
where
Now assuming X= (A0 + n Xx +...), we obtain from (4.7c) and (4.12a), to the first order in the density n:
The right hand side of (4.7a), namely D /0, has been calculated in It is however easy to verify that, in the first order in density n, D /0 remains the same as given in section 3 of ref. 6 . Putting X = B,j, i. e., X0 = B%, Xx = Bjj, we obtain
(4.14b)
where is the contribution due to binary colliand following the same procedure as in case (A), sions given in 6 and is the contribution due to we get, 1 = + n Xx , the ternary collisions due to the first term, denoted u whprp in Kx (P, q) given by (4.12c) :
Here / is the binary collision operator defined by
as discussed in 6 . K0(p, q) is just the ChapmannEnskog kernel, and thus B% is known, whereas the At 1 can be calculated using (4.13) and equations for ß1 1 (p) and B2 1 (p) may be obtained as in Ref. 6 . According to (2.11) and (3.9) we have ^ = ~ j Ep (fJ Sl ( p ) ^ ^ (4.17a) dp.
The results [putting X = pi A (p) in (4.13)] are:
The usual argument shows that the term containing where (p) and (p) are contributions from An in (4.17) vanishes, so that the coefficient of the binary 6 and ternary collision processes, as in case (A) :
thermal conductivity is given by: fA*(p) oj0(p) p 2 dp = 0 , (4.22a)
f A^p) co0(p) p 2 dp (4.22b)
Similar conditions can also be found for B2° and Bo 1 from (3.8b).
Discussion
In the previous section we have considered the effect of triple colision only. The calculations for the higher collision processes and therefore the density expansion of the transport coefficients can be carried out similarly. In the above calculation we see that F3(px , p2 , p3) does not appear explicitly, the whole contribution to the first order density correction appears through ox(K) [and equivalently K(p, q) ]. F3 will appear explicitly in the second density correction. The higher corrections do not seem to bring any better insight into the theory for the present and so we have omitted them here.
Rather, it will be of even more interest to check whether the contribution from the ternary collisions gives rise to a logarithmic divergence in the first density corrections to the transport coefficients of a gas of hard discs, as has already been found by many authors 7 from other methods. All methods to find the effect of ternary collisions have however until now been formal. To come to a definite conclusion regarding our method we have to know F2 and ox (K) , which is even difficult in the model given in 1 , (1.5), (1.6). Finally the assumption [(1.4), ref. *] on Fv{px,..., pv), though realistic, may not be known to be valid in general, at least where a strong anisotropy in the quasi-particle energy ep in the momentum space is present. In this case D /0 will contain a term proprotional to grad n and the corresponding functions in the solution of the integral equations may not depend only on J p | . These are open problems and we hope to get at least some insight into them through realistic models.
